Abstract. The problem of deciding, given a complex variety X, a point x ∈ X, and a subvariety Z ⊆ X, whether there is an automorphism of X mapping x into Z is proved undecidable. Along the way, we prove the undecidability of a version of Hilbert's tenth problem for systems of polynomials over Z defining an affine Q-variety whose projective closure is smooth.
Introduction
Theorem 1.1. There is no algorithm that, given a nice complex variety X, a closed point x ∈ X, and a nice subvariety Z ⊆ X, decides whether or not there is an automorphism of X mapping x into Z.
Variety means separated scheme of finite type over a field. Nice means smooth, projective, and geometrically integral (we will eventually apply this adjective also to varieties over fields that are not algebraically closed). Algorithm means Turing machine. So that the input admits a finite description, we assume that the input includes a description of a finitely generated subfield K of C and that the coefficients of the equations defining X, x, Z are elements of K. More precisely, we assume that we are given f 1 , . . . , f m ∈ Z[x 1 , . . . , x n ] such that Z[x 1 , . . . , x n ]/(f 1 , . . . , f m ) is a domain with fraction field K, and that elements of K are presented as rational expressions in the generators.
Actually, we show that the problem is undecidable even if X, x, Z are base extensions of Q-varieties. In fact, we prove a strong form of Theorem 1.1: Theorem 1.2. There is a fixed nice Q-variety X and a fixed rational point x on X such that it is impossible to decide which nice Q-subvarieties Z of X meet {σx : σ ∈ Aut X}.
That is, there is no algorithm that takes Z as input and decides whether there exists an automorphism of X mapping x into Z.
Finally, our X in Theorem 1.2 will have Aut X = Aut X C , where X C is the base extension X × Spec Q Spec C, so it does not matter whether we consider only automorphisms defined over Q or also automorphisms over C.
These problems are proved undecidable by relating them to Hilbert's tenth problem. Hilbert asked for an algorithm to decide, given a multivariable polynomial equation with integer coefficients, whether or not it was solvable in integers. But Matiyasevich [Mat70] , building on earlier work of Davis, Putnam, and Robinson [DPR61] , proved that no such algorithm exists. Remark 1.3. If X is a nice variety of general type, the problems above are decidable because Aut X is finite and computable as a subgroup of some PGL n acting on some pluricanonical image of X.
Remark 1.4. This is not the first time that a problem in algebraic geometry has been proved undecidable. The problem of deciding whether a rational map of complex varieties X P 2 admits a rational section is undecidable [KR92] (this is equivalent to the analogue of Hilbert's tenth problem for C(T 1 , T 2 )). The generalization with P 2 replaced by any fixed complex variety of dimension at least 2 is undecidable too [Eis04] . (But the analogue for P
1 is still open, as is the analogue for any other fixed curve.) Remark 1.5. Burt Totaro asked the author in 2007 whether the problem of deciding whether two varieties are isomorphic is undecidable.
Lattice automorphisms preserving a finite subset
The group of affine linear automorphisms of Z n is the semidirect product
Lemma 2.1. For each n ≥ 3, there exists a finite subset S of Z n containing 0 := (0, 0, . . . , 0) such that the subgroup of GL n (Z) ⋉ Z n mapping S to S equals the subgroup G of linear maps given by matrices 
with a i ∈ Z for all i and a n = ±1.
Proof. Let p i be the i th prime. For 1 ≤ i ≤ n − 1, let v i ∈ Z n be the vector with p i in the i th coordinate and 0 elsewhere. Let S = { 0, v 1 , . . . , v n−1 }. Let G ′ be the subgroup of GL n (Z) ⋉ Z n mapping S to itself. Suppose that g ∈ G ′ . Then g fixes 0 since each other vector in S differs from some other vector by a primitive vector. Also g fixes v i for each i, since v i is distinguished from the other v j by being divisible by p i . So g fixes S pointwise. It hence acts trivially on the real affine linear span of S, so it acts trivially on Z n−1 × 0. Thus
Blowups of powers of an elliptic curve
In this section, we prove a weak version of Theorem 1.1 in which Z is not required to be smooth or integral.
Fix an elliptic curve E over Q such that End E ≃ Z and such that E(Q) contains a point P of infinite order. For instance, one could take E to the curve labelled 37A1 in [Cre97] , with equation y 2 + y = x 3 − x. Let n ≥ 3. Let X be the blowup of E n at the subset S ′ ⊂ (Z · P ) n corresponding to the subset S ⊂ Z n given by Lemma 2.1. For a variety V , we write Aut V for the group of automorphisms of V as a variety without extra structure, even if V is an abelian variety. The birational morphism X → E n is the map from X to its Albanese torsor, so there is an injective homomorphism Aut X → Aut E n whose image equals the subgroup of Aut E n mapping S ′ to itself. Any such automorphism of E n must be of the form x → A x + b for some A ∈ GL n (Z) and b ∈ E n , but S ′ ⊂ (Z · P ) n so b ∈ (Z · P ) n . It follows that Aut X is isomorphic to the group G in Lemma 2.1. Identify the exceptional divisor D above 0 ∈ E n with P n−1 in the natural way. Let x = (0 : · · · : 0 : 1)
then σx = (a 1 : · · · : a n ) ∈ P n−1 . Given a polynomial f (t 1 , . . . , t n−1 ) ∈ Z[t 1 , . . . , t n−1 ], let F (t 1 , . . . , t n ) ∈ Z[t 1 , . . . , t n ] be its homogenization, and let Z be the zero locus of F in P n−1 = D ⊆ X. Then f has a zero in Z n−1 if and only if F has a zero in Z n−1 × {±1}, which holds if and only if σx ∈ Z for some σ ∈ Aut X.
Since the general problem of deciding whether a polynomial in Z[t 1 , . . . , t n−1 ] has an zero in Z n−1 is undecidable, the general problem of deciding whether σx ∈ Z for some σ ∈ Aut X is undecidable too. Proof. Consider F (x 1 , . . . , x n , y) = c(y 2 − y) + f (x 1 , . . . , x n ) 2 for some c ∈ Z >0 . The values of y 2 − y and f (x 1 , . . . , x n ) 2 on integer inputs are nonnegative, so (i) is satisfied. The singular locus S of X is contained in the locus where ∂F/∂y = 0, which is 2y − 1 = 0 in A N . On the other hand, Bertini's theorem ([Har77, Remark III.10.9.2]) shows that S is contained in y 2 − y = 0 for all but finitely many c. In this case S = ∅, so X is smooth over Q. By testing c = 1, 2, . . . in turn, we can effectively find the first c for which X is smooth over Q.
Making the subvariety smooth
This X is also geometrically integral: since X is isomorphic to a variety of the form z 2 − g = 0 for some nonconstant g ∈ Z[x 1 , . . . , x n ], if it were not geometrically integral, z 2 − g would factor as (z + h)(z − h) for some nonconstant h ∈ Q[x 1 , . . . , x n ], but then X would have to be singular at the common zeros of z and h, a contradiction.
Lemma 4.2. There is an algorithm that, given an affine scheme U of finite type over Z whose generic fiber U Q is smooth over Q, constructs n ∈ Z >0 and a closed immersion U ֒→ A n Z such that the projective closure of the generic fiber U Q in P n Q is smooth.
Proof. (This proof grew out of a discussion with Andrew Kresch, Florian Pop, and Yuri Tschinkel.) Embed U as a closed subscheme of some A m Z , and let X be its closure in P m Z . Let H = X − U. Resolution of singularities lets us construct a coherent sheaf of ideals I Q on X Q with support contained in H Q such that blowing up X Q along I Q yields a smooth Q-scheme. 
All these constructions can be made effective.
Combining the previous two lemmas with the negative solution to Hilbert's tenth problem yields:
Corollary 4.3. There is no algorithm that, given f 1 , . . . , f m ∈ Z[x 1 , . . . , x n ] such that the projective closure of Spec Q[x 1 , . . . , x n ]/(f 1 , . . . , f m ) in P n Q is smooth and geometrically integral over Q, decides whether f 1 ( a) = · · · = f m ( a) = 0 has a solution a ∈ Z n .
Applying the construction of Section 3 to the smooth projective geometrically integral Q-variety Z arising as the projective closure in Corollary 4.3 proves Theorem 1.1.
Uniformity
In this section we prove Theorem 1.2. In our proof of Theorem 1.1, the variety X and the point x depend only on the integer n chosen at the beginning of Section 3.
The negative solution of Hilbert's tenth problem shows that there are fixed m and d such that the problem of deciding whether an m-variable polynomial of total degree d is solvable in natural numbers is undecidable [Mat70] . Replacing each variable by a sum of squares of four new variables and applying Lagrange's theorem that every nonnegative integer is a sum of four squares shows that the same uniform undecidability holds for solvability in integers, provided that we replace (m, d) by (4m, 2d). Combining this with Lemma 4.1 yields undecidability even if we restrict to polynomials defining a smooth affine hypersurface over Q, provided that we replace (m, d) by (m+1, 2d). Because these smooth affine hypersurfaces form an algebraic family, the resolution of singularities of each projective closure has bounded complexity for all the hypersurfaces in the family, so the proof of Lemma 4.2 re-embeds these hypersurfaces in a projective space of bounded dimension, which can then be embedded in a larger projective space of fixed dimension D. Finally we may take n = D + 1 in Section 3. This completes the proof of Theorem 1.2.
